Abstract-In this paper, we discuss the use of pulse width modulation (PWM) to control analog MEMS devices. We achieve a precise linear analog control of MEMS by applying PWM signal with a frequency well above the system's mechanical natural frequency. We first demonstrate this using a parallel plate actuator and comb-drive, and then extend the technique to control a commercial deformable mirror. Such an approach allows the system designer to replace expensive drive electronics such as the high precision DACs and high voltage, linear amplifiers with a simple on-off switch. The advancements in the electronics industry tend to make precise timing cheaper and faster; our approach exploits these long-term trends to create low-cost control circuits. We also show how PWM control can linearize the positional response of the devices, where typically the position would depend quadratically on the applied analog voltage.
I. INTRODUCTION

M ICROELECTROMECHANICAL systems (MEMS)
have become a technological solution of choice for many advanced applications and currently are a roughly $20B/year industry. They are small, fast, and robust with a wide range of sensing and actuating capabilities. Using semiconductor manufacturing methods, they can be quite inexpensive to build. One broad class of MEMS use actuators to achieve mechanical motion in response to applied electrical inputs. Examples include micromirrors [1] - [3] , shutters [4] , valves [5] , RF filters [6] , [7] , nanopositioners [8] - [11] and atomic writing systems [12] . MEMS actuators can be built using a wide range of driving methods including electrostatic [13] - [16] , electromagnetic [17] , [18] , thermal [19] - [21] and piezoelectric [22] techniques. Some actuators are digital, the presence or absence of a signal turns something on or off, but most require analog control. A deformable mirror (DM) is an example requiring analog control where the surface shape of a deformable membrane is distorted by a spatially distributed array of actuators to change the wavefront of reflected light.
In electrostatic and piezoelectric devices, the control signal is usually a high voltage, low current signal, typically in the 50-250 volt range. Thermal devices normally use a few volts of drive at a few tens of milliamps of current and electromagnetic drives might require a volt or two at hundreds of millamps. The electronic circuits for controlling MEMS devices have special requirements, well beyond typical analog circuits, and can be expensive. For many electrostatic systems, there is a digital control system (usually a microprocessor), a high precision Digital to Analog converter (DAC) and a linear, high voltage (HV) amplifier. These drive circuits need high precision and modest speeds. It is not uncommon in a commercial device for the drive electronics to be far more expensive than the MEMS chip itself, severely restricting MEMS as a low cost solution.
Pulse width modulation (PWM) is a drive technique that uses pulses of varying widths to achieve analog control. It is commonly used to control the speed of DC motors but it has also been used to control MEMS such as the dimming in a optical system [23] , [24] , the flow through a microfluidic valve [5] , [25] , and to control thermal actuators [26] . Such a drive scheme has a number of advantages over conventional approaches. In an electrostatic system, one can replace the precision DAC and linear HV amplifier with a simple on-off switch. Timing is digital and cheap, whereas analog control is not. The electronics industry continues to research and develop faster transistors [27] - [30] , and PWM control can leverage these gains. Given that most systems are controlled with a microprocessor, the timing essentially comes for free and integrating a DC power supply and HV switch completes the control circuit. As an example, with a 1 kHz MEMS device and a 1 GHz processor, one can use a 10 kHz PWM drive with nanosecond timing control to provide the equivalent of a 17 bit DAC. Another advantage, as we show below, is that PWM linearizes the response of the system. Typically, the position of an electrostatic device depends quadratically on applied voltage whereas for PWM control, the position is a quasi linear function of duty cycle. This paper investigates the use of PWM to control three different analog electrostatic MEMS systems, (1) a single parallel plate mass sensor, (2) a comb-drive actuator used for writing with atomic beams, and (3) a commerical DM that can be reshaped dynamically using an array of parallel plate actuators. Although similar PWM methods have been used [31] - [34] , this work focuses on the analog control and the cost savings of this technique. We first present the theoretical derivation of PWM control and the linearization of the electrostatic devices. Then we analyze and discuss the results from the three systems. While this paper focuses on electrostatic drives, the PWM approach is general and works equally well with any type of drive (e.g. thermal, piezoelectric, magnetic).
II. THEORY
This work investigates two types of electrostatic actuators, (1) a parallel plate capacitor and (2) a comb-drive. This section describes the theory of using PWM to drive these actuators. A graphic model for each system is shown in Fig. 1 , both of which can be approximated as linear systems described by the differential equation:
where m is mass, b is the damping coefficient, k is the spring constant, x is position,ẋ is velocity,ẍ is acceleration, and F(t) is an externally applied force. Throughout this work we drive the MEMS with a PWM signal (i.e. pulse wave, rectangular wave) switching between zero force and a maximum force, F 0 , at a frequency, ω. We demonstrate in this section that if ω is much greater than the system's natural frequency, the effective force on the mass becomes F 0 R DC , where R DC is the duty cycle (value 0-1). The Fourier series of the forcing function described above is:
where F(t) is the force, t is time (seconds) and ω is frequency (rad/s). This can be separated into two forces, F 1 and F 2 , defined as:
The response of a linear system may be represented as the superposition of responses from multiple force inputs. This is described mathematically as x(t) = x 1 + x 2 , where x 1 and x 2 are the position responses of F 1 and F 2 respectively. We first investigate x 2 . F 2 is the summation of sinusoidal forces and one method of solving the steady state solution of a sinusoidal input is to use the transfer function of the system, with the solution being equal to the sinusoidal input times the transfer function. The transfer function of a mass spring system is [35] :
where ω n = k m is the natural frequency of the system and ζ = 2ω n b . We can then multiply the transfer function by each summation term in (4) . When making this step, we must also substitute ω with nω, since nω is the frequency in each summation term. Therefore the position response of F 2 is:
Next we look at the response from F 1 , which we can plug directly into (1). Since we are solving for the steady state solutionẍ =ẋ = 0 and we are left with only the opposing spring force. This results in:
From (6) we see that if ω >> ω n , the sinusoidal response, x 2 , approaches zero. This agrees with the known frequency response of a harmonic oscillator. As the driving frequency increases beyond the natural frequency, the amplitude of the response decreases by 40 dB/decade. This means that if we drive a mass with a PWM signal at a frequency much greater than the natural frequency, x 2 goes to zero and we are left with (7) defining our steady state solution. This solution is true for all linear mass spring damper systems driven by a PWM signal.
Conceptually, imagine hitting a child's swing with baseballs. If the frequency of baseballs hitting the swing is comparable to or below the swing's natural frequency, the swing will move appreciably between impacts of the ball. However, if the balls hit the swing at a rate far in excess of the swing's natural frequency, the swing stays in a static position. The relaxation of the swing's position is negligible in comparison with its static displacement. By changing the specific impulse transferred to the swing, its position can be continuously controlled in exactly the same way one would control its position by adjusting an analog force.
Next, we look at the specific cases of the electrostatic actuators where we substitute F 0 with the electrostatic force, F e . In this case, we use a PWM signal for the voltage which then produces a PWM signal for the electrostatic force. One of the assumptions in the above equations is that the force is switching instantaneously. To extend these results to the electrostatic force, the electrical response time of these actuators must be much faster than the period of the PWM signal. The fastest frequency we use is 2 MHz. The parallel plate capacitors and comb-drives we test have an electrical time constant, (τ ), less than a nanosecond. This is much faster than the period of our signal and therefore we can assume the electrostatic force matches the PWM signal.
The first actuator we will look at is a parallel plate capacitor. In general, the electrostatic force across a capacitor is:
Using a parallel plates model, the electrostatic force between two plates is [36] : where is the medium's permittivity, A is the area of the plate, V is the PWM voltage, g 0 is the pre-actuation gap between the stationary and moving plates and x is the displacement of the moving plate. When controlling the displacement of the plate with voltage control, the plate initially has a quadratic response with respect to voltage for small values of x. However, as x approaches 1/3 of g 0 (pull-in position [37] ), the response deviates from a quadratic curve and
d V approaches infinity, resulting in an unstable system. When this same system is driven with a PWM signal, the resulting force on the mass is F e R DC , with V 2 constant. With this change, the response is now linear with respect to the duty cycle for small values of x. With a constant force, the position would be truly linear with respect to the duty cycle, however in the case of the parallel plate capacitor, the force, F e , changes with displacement. As x approaches the pull-in position, the response becomes nonlinear and eventually becomes unstable, similar to the response of a conventional analog control.
We now turn our attention to a comb-drive. If we again assume a parallel plate model, the electrostatic force is [36] :
where n is the number of interdigitated fingers, t is the comb thickness, and g is the gap between the fingers. One of the glaring differences between the comb-drive and parallel plate is that there is no x term in the comb-drive force. This means the force does not depend on the displacement and with a constant voltage, V , F e is constant. This leads to a linear solution to (7) with respect to the duty cycle. By simply changing the method of control from voltage to PWM, we effectively linearize the system. It is worth noting that (10) is subject to error because fringe field effects contribute significantly to the capacitance of the device. Although the predicted force and capacitance are low, we show in the subsequent section that the predicted linear relationship is still accurate. In general, PWM can be used in conjunction with a low pass filter to provide smooth precise analog control of a MEMS system. One method is to use the force generating system as a filter. This is how many thermal MEMS are driven with PWM [26] . In this scenario the thermal system is slower than the PWM frequency and acts as a low pass filter, resulting in an analog temperature and therefore an analog mechanical response. The method discussed in this paper and described mathematically above uses a force (electric field) that responds faster than the PWM frequency but is applied to a slower mechanical system. This results in the mechanical system acting as the low pass filter. For this last scenario the system must meet two requirements: (1) the force (e.g. electric field, magnetic field, temperature) must have a response time much faster than the PWM driving frequency and (2) the driving frequency must be much faster than the mechanical natural frequency.
III. RESULTS AND DISCUSSION
In this section we describe each of the three MEMS devices in detail and discuss their experimental results. The first is a parallel plate capacitor, an electrostatic, out of plane, trampoline-type device. The second is a comb-drive linear inplane actuator. These two fit the models presented in Fig. 1 well and provide a test bed for the theory discussed above. The final device is a commercial MEMS device, a DM manufactured by Boston Micromachines Corporation. Due to the geometry of the DM, it does not match the linear model as well, however we show that it can still be effectively driven with PWM. Each device has different setup requirements and we cover each in detail in the subsequent sections. The setups are also summarized in Table I . a 300 μm square movable plate suspended above a second 290 μm square grounding plate by four serpentine springs shown in Fig. 2a . All components are made of polysilicon. The two plates start 1.6 μm apart. The natural frequency of the device is 20 kHz. The plate is very stiff in comparison to the springs and the mass of the springs is small in comparison to the plate. This system is well represented as a lumped element model as shown in Fig. 1a .
A. Parallel Plate Actuator
Using a function generator, we produce a voltage difference between the two plates; causing the top plate to move closer to the grounding plate. A harmonic oscillator typically needs to be driven at a frequency greater than 10x the device natural frequency in order to sufficiently reduce the oscillatory response, therefore we use a 300 kHz PWM signal. Since the displacement of the device is normal to the substrate, we use a white light interferometer (Zygo NewView 6300) which has nanometer vertical resolution [38] .
To study the effect of duty cycle and voltage we tested a number of different scenarios. The results are presented in Fig. 2b , each is represented by a different color, with black as the DC voltage control and the other colors (i.e. green, purple, blue, and red) as different PWM voltages. The x-axis of the plot is the PWM voltage times the duty cycle (0-1), which normalizes the data and makes it easier to compare the different data sets. The black curve holds a constant 98% duty cycle while increasing the voltage, whereas, the PWM drives (1) with a PWM signal input.
As previously mentioned, the black curve represents the displacement as a function of applied DC voltage. The analytic solution shown by the solid black line is included in the figure. We see the expected response with pull-in occurring at 1/3 of the pre-actuation gap (g 0 ) at approximately 2.75 V. The green, purple, blue and red curves are data using a PWM drive method, representing a PWM voltage of 3.5, 2.75, 2.50, and 2.00 V respectively. The analytic solution shown by these curves represent the solution to equations (7) and (9) with the measured plate geometry and voltages. These curves predict the data well, with only a slight deviation near pull-in. With the exception of the 3.5 V (green) scenario, the duty cycle is increased from 0% to 98% for each PWM drive. At 98% each curve matches up with its respective voltage on the DC voltage curve (black). The 3.5 V (green) case is an interesting data set because it uses a voltage that exceeds pull-in voltage of the device. For this reason, it does not intercept the DC voltage curve. Instead of increasing to 98% duty cycle, the 3.5 V PWM drive is only increased to 60% duty cycle, beyond which the plate pulls-in.
Comparing the the 2.00 V (red) response to the DC voltage control, we see that the displacement is linear as opposed to quadratic. However this only moves the plate 1/9 of the pre-actuation distance. We can increase the displacement by increasing the PWM voltage as shown in the green, purple, and blue curves. Initially these responses follow a linear trajectory, however as the plate approaches the pull-in distance they develop more curvature. By using a voltage greater than or equal to the pull-in voltage there is no loss in positional range compared to the DC control.
B. Comb-Drive Actuator
In Fig. 3a we show an optical microscope image of the second device we discuss in this paper. This device is an in-plane comb-drive actuator made with the same PolyMUMPs process as the parallel plate. The comb-drive consists of 31 interdigited polysilicon fingers, each 3.5 μm thick and with a 2.0 μm gap between each finger. It uses a polysilicon folded beam suspension for the spring force. The natural frequency of this device is 1 kHz, therefore we used a PWM frequency of 50 kHz. This system is well represented by our comb-drive model in Fig. 1b .
Unlike the parallel plate actuator, this device has a pull-in voltage close to 40 V. To generate the higher voltages, we use a high speed, HV amplifier (Trek 2100HF) to amplify the output of a function generator. Comb-drives move laterally in-plane, therefore we can use an optical microscope to image and measure the displacement of the movable fingers.
We use a similar approach to study the effect of duty cycle and voltage on the comb-drive as we do with the parallel plate. The results are shown in Fig. 3b . Again, each color represents a different driving scenario with black as the DC voltage control and the other colors (i.e. green, purple, blue and red) as different PWM voltages. The DC voltage curve holds a constant 90% duty cycle while increasing the voltage, whereas, the PWM drives hold a constant voltage while varying the duty cycle. The open circles are the experimental data points and the solid lines represent the analytic solutions.
The analytic solutions use equation (8) instead of equation (10) due to the aforementioned fringe field effects. We use an optical microscope to measure the comb-drive geometry and use these measurements in Comsol Multiphysics to simulate a value for dC/dx. This method accounts for both fringe field effects and the well known levitation effect [39] - [41] , neither of which is captured by equation (10) . It is worth noting that the analytic solutions shown in Fig. 3b use a single constant value for dC/dx. We also use Comsol simulate the spring constant of the comb-drive's folded beam suspension. The spring constant value is decreased 22% to best match the data. We attribute the difference largely to errors in the measurements of beam width and differences in material properties between our actual device and simulation.
The DC voltage control is represented by black, with the solid black line representing the analytic solution, which is included in the figure. We see the expected quadratic position response in Fig. 3b . Again we normalize the data by plotting the voltages times the duty cycle. The pull-in voltage and distance is less easily defined for the comb-drive compared to the parallel plate because it typically occurs due to either asymmetries in the device or small perturbations while actuating [36] , both of which are difficult to predict. Nonetheless, we are able to experimentally determine that the pull-in voltage for the comb-drive is approximately 40 V. The green, purple, blue, and red represent a 50, 40, 30, and 20 V PWM signal respectively. The solid lines represent the solution to equations (7) and (10) with the measured geometry and voltage. As we see in Fig. 3b the theory predicts the linear response well. With the exception of the 50 V case (green), we increase the duty cycle from 0% to 90% for each PWM drive. At 90% each curve matches up with its respective voltage on the DC control curve. The 50 V scenario again is noteworthy as it uses a PWM voltage which exceeds the pull-in voltage of the device. Therefore it does not match up with a data point on the voltage control curve. Instead the 50 V case increases from 0% to 60% duty cycle. Increasing the duty cycle beyond 60% causes the comb-drive to pull-in.
Unlike the parallel plate actuator, the position response of the comb-drive with respect to duty cycle is completely linear throughout the full range of motion, regardless of position or driving voltage. We can see why by examining equation (10) . The force on the comb-drive does not change with position. By switching a constant force on and off, the response is linear with respect to the duty cycle. Like the parallel plate, there is no loss of motion in the actuator when using a PWM voltage greater than or equal to the pull-in voltage. b) The normalized peak to peak frequency response of a single actuator in the DM array. We use a 50% duty cycle PWM between 0 and 92V. Black data shows the results using a high frequency HV amplifier and the red data shows the results from using a low cost switching circuit. The data is normalized to the 10 kHz response. The green dashed line represents the limit for acceptable oscillations for the DM. c) The steady state peak to valley displacement of the DM actuator versus voltage times duty cycle. The black data shows the DC voltage response and the red data shows the PWM control response. The red and black lines are linear and quadratic fits to the data respectively. The PWM drive switches between 0 and 92 V at a PWM frequency of 700 kHz.
C. Commercial DM
In Fig. 5a we show the third device, a commercial MEMS DM (BMC MultiDM) built by Boston Micromachines Corporation. The mirror consists of a continuous layer of gold spread over an array of 140 parallel plate type actuators. The vertical position of each actuator can be independently controlled. The DM is used widely in applications in astronomy and biomicroscopy [42] - [46] . The basic DM architecture has been reported previously [47] , along with models and measurements of its electrostatic behavior [48] . The device used in this study features electrostatic actuators with dimensions and characteristics similar to those described in [49] . The device shown has a total of 140 actuators and we present data on the deflection of the mirror surface directly above one of those actuators. The DM operates at voltages greater than 100 V. The comb-drive setup uses an expensive amplifier to prove the concept and compare to the analytic solution, however we also want to show that PWM can be used as a low cost method.
In that regard, we use two high voltage methods to drive the DM, (1) a low cost, high speed, high voltage switching circuit and (2) the same amplifier as the comb-drive setup for comparison. The switching circuit consists of a high voltage gate drive, a pair of transistors, a handful of other electrical components and a high voltage source (i.e. 92 V battery). A simplified schematic of the circuit is shown in Fig. 4 . We use a function generator to vary the frequency and duty cycle of a PWM signal with a fixed amplitude of 5 V. The two LTC4444 inputs are supplied with the unaltered and inverted PWM signal and its two outputs drive the two N channel MOSFETs connected to the MEMS device. The LTC4444 can operate up to 100 V with rise and fall switching time in the order of 10 ns for a 1 nF capacitive load. The point is not to present this circuit as "the low cost solution" but instead to provide an example of how PWM can be implemented cheaply to drive a high voltage electrostatic MEMS device. Although we use a computer and function generator to produce the PWM signal in this experiment, these could be replaced by a cheap microprocessor or a field programmable gate array.
We first test the frequency response of the DM using both the Trek 2100HF amplifier and our switching circuit to provide a 50% duty cycle PWM signal switching between 0 and 92 V. We use a Polytec vibrometer to measure the velocity of the piston mode actuation and integrate this to get a displacement. Testing the frequency response accomplishes two things: (1) it compares the switching circuit to the amplifier to ensure similar results and (2) provides a measurement of the oscillation amplitude. To operate properly the normalized oscillation amplitude needs to be less than 0.01 and we can experimentally determine the necessary frequency. Fig. 5b shows that the performance of the switching circuit and amplifier are comparable. This gives us confidence moving forward that we can use the switching circuit in place of the amplifier. Fig. 5b also shows that the oscillation of the DM drops below the amplitude limit at 700 kHz. We use this frequency to demonstrate the steady state response.
For the steady state response, we use the white light interferometer to measure the vertical displacement of the mirror. Fig. 5c shows a central result of this paper. The DC voltage control is shown in black with data points as solid black squares and the solid line is a quadratic fit to the data. Here we use a 100% duty cycle and increase the voltage to 95 V. The PWM data is shown in red circles and the red line is a linear fit. The PWM drive uses a 92 V signal and increases from 0% to 88% duty cycle. Fig. 5c shows that this curve intercepts the voltage control at the respective voltage. At this voltage, the response of the actuator is linear with respect to duty cycle. The pull-in voltage of this actuator is upwards of 200 V. The linear response using a 92 V PWM voltage correlates well with the results from the first device where we see a linear response at voltages lower than pull-in.
The results from these three devices summarize the advantages of the PWM drive method: (1) PWM can map out the entire response curve of the conventional analog approach, (2) the response can be a linear function of duty cycle, eliminating the standard non-linear response one finds with analog control and (3) by using a high voltage switch instead of a DAC and a linear HV amplifier, one can control the device with timing, not analog control. Although we use a HV amplifier to demonstrate the capability and limitations of the PWM with the comb-drive device, this could be replaced by a low cost switching circuit similar to the one shown in Fig. 4 . The current electronics circuit to control the DM is a majority of the system price, with the components for each channel costing approximately $10. Using quantities comparable to the commercial DM, we estimate the components for the circuit in Fig. 4 to cost approximately $3.00/channel, ∼3 times less expensive. For the DM in this work, which has 140 channels, that is a $980 cheaper. The main reason for this lower cost is because the circuit uses components that are manufactured at a larger quantity. A HV linear amplifier is a more specialized component than a HV transistor; this results in lower manufacturing volumes and higher prices. Such a cost reduction is significant and opens up the application space for the use of such DM systems. The main limitation to the PWM approach is that it excites the mechanical modes of the system. However, these oscillations can be reduced to an acceptable level by increasing the drive frequency as shown in Fig. 5b . With advancements in the electronics industry, PWM continues to get faster, cheaper, and easier to implement.
IV. CONCLUSION
In this paper we discussed the use of a PWM signal to control analog MEMS devices compared to the conventional method. We demonstrated that by applying a PWM signal to a MEMS device at frequencies well above the device natural frequency, one can achieve precise, analog control. This can be done with no loss in range compared to the conventional analog approach and allows system designers to replace expensive electronic components such as high precision DACs and HV linear amplifiers with a low cost switching circuit. In addition, research and development into transistors by the electronics industry continues to improve transistor speeds and this approach exploits these long term trends to create low cost control circuits. We have also demonstrated how it can linearize the positional response of devices where typically the position would depend quadratically on the applied, analog voltage.
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